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Chapter 4 The Lucas Model

The Lucas Model

One of the unattractive features of the Monetary Model is that the
money demand function is imposed, and is not from decisions of
optimizing agents.

mi —py = ¢y — Niy + &

Lucas’s model of exchange rate determination gives a rigorous
theoretical framework for pricing foreign exchange and other assets in a
flexible price environment.

The Lucas Model is a dynamic general equilibrium model of an
endowment economy with complete markets where the fundamental
determinants of the exchange rate are the same as those in the
monetary model.
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SECGI /NI The Barter Economy

The Barter Economy Model Settings

Consider two countries each inhabited by a large number of individuals
who have identical utility functions and identical wealth.

Because people are so similar you can normalize the constant
populations of each country to 1 and model the people of each country
by the actions of a single representative agent.

Firms in each country are pure endowment streams that generate a
homogeneous nonstorable country-specific good using no labor or
capital inputs.

Some people would like to think of these firms as fruit trees. Hence,
this model is also called the Lucas Tree Model.
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SECGI /NI The Barter Economy

The Barter Economy Model Settings

Each firm issues one perfectly divisible share of common stock which is
traded by shareholders in a competitive stock market.

The firms pay out all of their output as dividends to shareholders (i.e.
representative agents).

Dividends from the firms are the sole source of support for
representative agents.

x; is the exogenous domestic output

y; is the exogenous foreign output
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SECGI /NI The Barter Economy

The Barter Economy Model Settings

We treat x; as the numeraire good, define ¢; as the price of 3 in terms
of zy.

e; 1s the ex-dividend market value of the domestic firm.
e; is the ex-dividend market value of the foreign firm.
Domestic agent: consumes c, ; units of the home good, ¢, ; units of

the foreign good and holds w;; shares of the domestic firm, w, ; shares
of the foreign firm.

Foreign agent: consumes c; ; units of the home good, ¢}, units of the
foreign good and holds wj ; shares of the domestic firm, wy,, shares of
the foreign firm.
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SECGI /NI The Barter Economy

The Barter Economy Model
In period ¢, the domestic agent’s wealth is:
Wi = wy—1(x + €) + wy—1(qye + €;)

where x; + e; and ¢y + e} are the with-dividend value of the home and
foreign firms.

In period ¢, the domestic agent need to allocate current wealth toward
new share purchases e;w; ; + e;w,: and consumption cg; + qicy i

*
Wi = eqwyt + eywyt + Cot + qecyt

Hence, in period ¢, the domestic agent’s budget constraint is:

* *
eiWet + €Wyt + Cop + QeCyr = Wep—1(T¢ + 1) + wy—1(quye + €7)
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Section 4.1

The Barter Economy

Domestic Agent Utility Maximization

Let u(cg, cyt) be current period utility and 0 < 5 < 1 be the
subjective discount factor. Then the domestic agent’s problem is to
maximize expected lifetime utility under the consumption constraint.

oo
max By [ Y Bu(cr g, ey i)
Cx,t,Cy,t, W, t,Wy,t 0
=

* *
st Cap+ qCyr + erWpy + ejwy = Wy i1 (T + €) + wy—1 (@Y + €;)

F.0.C (How?)

Cyt Z(Jtul(cx,t, Cy,t) = UZ(Cx,ta Cy,t)
We t :etul(cx,h Cy,t) = BEt(Ul(Ca:,tJrla Cy,t+1) : ($t+1 + 6t+1))

Wyt refu1(Ca s Cy,t) = BE(u1(ce it Cy,t+1) (Q1Yi+1 + €Z‘+1))
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The Barter Economy

Foreign Agent Utility Maximization

Similarly, the foreign agent’s problem is to maximize expected lifetime
utility under the consumption constraint.

(0]
J * *
comax B | Y (e g cpny)
Cz,t’cy,t’wz,t’wy,t i—=0
j_
* * * * * . * * *
st Cpyt qCys +ewny +erwy = wyy (T +er) +wy g (qeye + €f)
F.O.C
* . * * _ * *
Cyt ‘Gt (Cx,t’ Cy,t) = u2(cx,t7 Cy,t)

wy e (g, €)= BE(ua(ch p1, Cpupn) - (Tea1 + €641))

w;,t ¢€?“1(C;,ta C;,t) = BEt(ul(C;,t—s-la Cz,t—f—l) (qt+1y1+1 + €iyq))
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SECGI /NI The Barter Economy

A Social Planner’s Problem

In the early analysis, we focus on domestic agent and foreign agent
their own utility maximization. Now suppose we have a social planner
who cares about the whole world’s utility.

Suppose the social planner attach a weight of ¢ to the domestic agent
and 1 — ¢ to the foreign agent. Then the planner’s problem is to
allocate the = and y endowments optimally between the domestic and
foreign individuals each period by maximizing:

o0
Ey Zﬁ] (¢U(C:v,t+ja Cy,t+j) + (1 — gb)u(C;t—f—ja Cz,t+j))
5=0

Since the goods are not storable, the planner’s problem can be reduced
to the timeless problem of maximizing:

pu(cat, cyt) + (1= d)u(cyy, ¢y )

Zichao Yang (ZUEL) September 28, 2025 9 /36



SECGI /NI The Barter Economy

A Social Planner’s Problem

We can write the social planner’s problem formally:
max  pu(Cer, ¢yr) + (1= @ulcyy ¢y y)
st Cop+Cpy =

* o
Cyt T Cyy = Yt

F.0.C (How?)

pu1 (C:D,tv cy,t) = (1 - ¢)u1 (C;,tv Cz,t)

puz(Cat, cyt) = (1 — @)ualcy s cyy)

The above F.O.C are the optimal or efficient risk-sharing conditions.
Risk-sharing is efficient when consumption is allocated so that the
marginal utility of the domestic agent is proportional to the marginal
utility of the marginal utility of the foreign agent.
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SECGI /NI The Barter Economy

A Social Planner’s Problem

pui(cat, cyt) = (1 — p)ur(cy s Cyy)

pua(czt,cyr) = (1 — d)ualcy ¢y )

The weight ¢ can be interpreted as a measure of the size of the home
country in the market version of the world economy. Since we have
assumed that agents have equal wealth, we will let both agents be
equally important to the planner, so ¢ = 1/2.

Then the Pareto optimal allocation is to split the available output of x
and y equally:

* Yt

Caot = Cop = 5 BDA Gyt = Cyy = 35

Q: What if these two countries are not equal?

Zichao Yang (ZUEL) September 28, 2025 11 /36




SECGI /NI The Barter Economy

Solution Under CRRA Utility Function

CRRA function VS. CARA function

Now, let us adopt a particular function form for the utility function to
get explicit solutions. Suppose the utility function is a CRRA function:

1—~
t

1 _ )

1-0
y7t

u(cy, cy) = where C} = cz’tc

~y
Then based on equation (4.6)-(4.8), we can get (How?):

_ =0 m
qt 9 "
et Ciy1,1— et+1
G BB (ZEy (14 2L
2 BE(( e ) xt+1))

et Cry1\1- €1

= BE(ZHLy (1 4 L

qtyt t(( Cy ) Qt+1Yt+1
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SECGI /NI The Barter Economy

Solution Under CRRA Utility Function

. 1-6 Tt
qt 0 "
€t Ct+1 1— €t+1
— = BF,((— = (1 4+ =
o= AE((EE) T )
o _ 5@((%)1*7 1+ i
qtyt t qt+1Yt+1

The real exchange rate ¢; is determined by relative output levels.

Z and q%t can be called “price-dividend “ ratios. The equity

price-dividend ratio can be expressed as the present discounted value of
future consumption growth raised to the power 1 — ~.
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SECGI /A The One-Money Monetary Economy

One-Money Monetary Economy

In the barter economy model, we do not have the concept of money.
One of the difficulties in getting money into the model is that the
people in the barter economy get along just fine without money.

To get around this problem, Lucas prohibits barter in the monetary
economy and imposed a cash-in-advance constraint that requires people
to use money to buy goods. Hence, we have to add some assumptions:

@ The total money supply My, evolves according to My = A\(M;_1. In
each period, each agent receives a lump-sum money transfer
AM; (}\ o l)Mtfl
2 2
e Each household is split into worker-shopper (or seller-buyer) pairs.
Part of them need to buy x-goods and y-goods, part of them need

to sell x-goods or y-goods endowments in the mall.
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SECGI /A The One-Money Monetary Economy

Model Settings

Current-period wealth is comprised of (1) dividends from last period’s
goods sales, (2) the market value of ex-dividend equity shares, and (3)
the lump-sum monetary transfer.

 Pa(wep1me1 Wy 1Gi-1Ye-1)

W =
Py
Dividends
. . ., Ay,
Wz t—1€¢ T Wy t—1€ e
x? y7 t 2Pt
Ex-dividend share values ~

Money transfer

NOTE: compared with (4.1), we now use x¢—1, ¢;—1 and y;—; instead
of x4, ¢ and y;. Why?
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SECGI /A The One-Money Monetary Economy

Model Settings

Then the domestic agent needs to allocates W; towards cash m; to
finance shopping plans and to equities to secure next period dividends:

t
Wt = ? + Wy tEt + wy,te;"
t

Meanwhile, the domestic agent knows that the amount of cash required
to finance the current period consumption plan is:

my = Pi(car + qicyy)

Combine the above three equations together, we can get the budge
constraint:

*
Cxt T QtCyt + Wyt + Wy ey =
Py

AM,
2 (Wat—1T1—1 + Wy t—1G—1Yt—1) +
t

2P,

*
+ Wy 16t + Wy 164
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SECGI /A The One-Money Monetary Economy

One-Money Monetary Economy Model

The domestic agent’s maximization problem can be written:

Jmax Z Blu (€45 Cprtts)

a: € y W x W y t
s.t. Cpp+ qieyr + Werer + wyvtet =

P4
P,

(wz,tflxtfl + wy,tfl%flytfl) + — + Wy t—1€¢ + Wy t— 1€}

2P,
Same as in section 4.1, the terms that matter in period t are:
u(Crt, c(y, 1)) + BEwu(ce 41, Cyt+1)

Solve the maximization problem we can get the Euler equations (4.31)
~ (4.33) characterizing optimal household behaviors.
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SECGI /A The One-Money Monetary Economy

One-Money Monetary Economy Model

After introducing money, we have another constraint related to the
total money supply:
My = Py(ze + quyr)

1—v
We still assume the utility function is u(cz, ¢y) = 01’5_7 and
Cr=d) tc 29 Combine this constraint with (4.23) ¢ =1tz ok, we can
get:

Py o My w1
Py My a

Combine the above equation with the explicit utility function, we can
rewrite (4.32) and (4.33) as (How?):
Ciy11-, M €41
(g +
Ci M1z
C M, ef
. _ 3R, {( t+1) t oy Gl )]
Qe Ci M1 @ryen

=L = BE,
Tt
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SECGI /A The One-Money Monetary Economy

Pricing Nominal Bonds

Suppose you are looking for the shadow price of a hypothetical nominal
bond such that the public willingly keeps it in zero net supply. Let b;
be the nominal price of a bond that pays one dollar at the end of the
period.

Then the utility cost of buying this bond is

w1 (Cayts Cy,t)be

,  where u(.) is a CRRA function (1)
Ptl‘t

The discounted expected marginal utility of this one-dollar payoff one
period later:

Uy (Ca: t+1,Cy t+1)]
E ’ ’ 2
PE: [ Pz @

Cis1\(1-y) My 1-6
(1) = (2) = b = BE; [< o) MM]’ where  Cy = ¢,y
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SECGIH I The Two-Money Monetary Economy

Two-Money Monetary Economy Model Settings

We now require that the home country’s z-goods can only be
purchased with dollars and the foreign country’s y-goods can only be
purchased with euros.

z-dividends are paid out in dollars and y-dividends are paid out in
euros.

Agents can acquire the foreign currency required to finance
consumption plans during securities market trading.

M is the outstanding stock of dollars, V; is the outstanding stock of
euros.
Mt = )\tMtfl, and Nt = )\:Nt,1

where (A, Aj) are exogenous random gross rates of change in M and N.
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SECGIH I The Two-Money Monetary Economy

Two-Money Monetary Economy Model Settings

Now individuals need to secure claims to future dollar and euro
transfers:

@ 7 is the price of a claim to all future dollar transfers in terms of x
e r; is the price of a claim to all future euro transfers in terms of
@ s is the claims held by domestic agent on the dollar streams

@ Yy is the claims held by domestic agent on the euro streams

Initially, the home agent is endowed with 170 = 1, ¥ N9 = 0 and the
foreign agent has 9pr0 = 0, YN0 = 1 which they are free to trade.
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SECGIH I The Two-Money Monetary Economy

Two-Money Monetary Economy Model
Now the domestic household’s current-period wealth consists of

e nominal dividends paid from equity ownership carried over from
last period

e current period monetary transfers

e the market value of equity and monetary transfer claims

WP, N StPt*_1w —_— Yori—1AM, n YN 15t AN
t = t—1Lt—1 — t—1Y9t—1
P, " p, Y Py Py
Dividends Monetary Transfers

* *
+ w16 +wyp—1€; + U1+ UON-1Ty

Market Value of Securities
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The Two-Money Monetary Economy

Two-Money Monetary Economy Model

The domestic household needs to allocate the current-period wealth to

@ equity
o claims to future monetary transfers
e dollars and euros for shopping

NSt * *
Wy = —' 4+ 214 Wy tet + Wy €y + Vnreme + YNy
Pt 15 -
N Equity Monetary Transfers
Goods

In equilibrium, we have the binding cash-in-advance constraints:
my = Pycpy and ny = P cy ¢, hence the equation can be rewritten as:

S Py
Wi =cpt + 2 —=—Cy,t T Wyt +wyt6t + Yt +¢Nt7“t
t
Good Equity Monetary Transfers
oods
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SECGIH I The Two-Money Monetary Economy

Two-Money Monetary Economy Model

Combine the previous two slides, we can get the budget constraint fo

the home individual. So the domestic household’s problem is to
maximize

max Ey | BlulCopsy cyasg)
{ca,t:Cy,t Wa,t Wy, 6,0, ¥N ¢ } -

S Py
st Cpp+ P —5 Cyt T Wy er + 'U)y,tet +Yupere + ¢Nt7“t =
t
Py SiP 4 Yar—1 AM;
Wy t—1T¢—1 + Wy t—1Yt—1 + — B
t

P, A P,
n YN —1AN;
P,
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SECGIH I The Two-Money Monetary Economy

Two-Money Monetary Economy Model
Following the same procedure in the previous two models, we can get
the F.O.C (How?)

S, Py
Py

Cyt - Ul(Ca:,nCy,t) = UZ(Cx,tycy,t)

Wep e (Cot, Cyt) = PE: [u1(cx,t+1, Cyt+1) ( 5ttt et+1>]
t+1

St+1P
Py Yt + €41

AM
Yare: reut(Cagt, cyr) = BE; [Ul Ca,t4+15 Cy,t+1) ( as +7’t+1>}

. *
Wyt eiu(Cat, Cy) = BE; [Ul Cat41s Cy,t41)

P

AN 1841 |
+ T

¢N,t : T’tul(ca; t;cyt = BE; P
t+1

(1 Ca; t+1, Cy, t+1
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SEIIat /Il The T'wo-Money Monetary Economy

Two-Money Monetary Economy Model

In this Two-Money Monetary Economy Model, we have two adding-up
constraints:

Mt = Ptmt
Ny = Ply

Based on the F.O.C for ¢, ; we can know that the real exchange rate is:

StPt* N u2(cz,t, Cy,t)

= w1 (Ca s Cy t)

The nominal exchange rate is:

g u(Cepscyt) Pr ua(cr,cyt) My y
= ——— _2NTY Ty T It
Uy (Cx,t7 Cy,t) Pt* Uy (Cx,h Cy,t) Ny x4
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SECGIH I The Two-Money Monetary Economy
Determinants of the Nominal Exchange Rate
In the Two-Money Monetary Economy Model:

u2(Caty Cyt) M ye

Sy =
Ul(Cz,t, Cy,t) Ny 2y

Recall, in the Monetary Model:
0 .
st=7> (WY Eifrrj, where f;=(mi—m;)— oy —y;)
§=0
There are two major difference:
@ Besides relative money supplies, and relative GDP, in the Lucas

model, the exchange rate also depends on preferences (utility).

o In the Lucas model, the exchange rate does not depend explicitly
on expectations of the future.
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SECGIH I The Two-Money Monetary Economy

One-period Ahead Forward Exchange Rate

Similar to the setting in the One-Money Monetary Economy Model:

@ b, is the date t dollar price of a 1-period nominal discount bond
that pays one dollar at period ¢ + 1

@ b} is the date t euro price of a 1-period nominal discount bond
that pays one euro at period t + 1

By covered interest parity, the one-period ahead forward exchange rate

1S
*

b
F, = 5,-+
t B
The equilibrium bond prices are

C N M
= Gty

. C, . N
i = o5 [ gL
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SEIIatel W/l Introduction to the Calibration Method

Introduction to the Calibration Method

Cooley and Prescott set out the calibration proceeds as follows:

@ Obtain a set of measurements from real-world data that we want
to explain. These measurements are typically a set of sample
moments.

e Solve and calibrate the candidate model. Assign values to the deep
parameters of utility functions and production functions that make
sense.

e Run/simulate the model by computing and generating time-series
of the variables that we want to explain

@ Decide whether the generated data “look like “ the observations
that you want to explain.
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SEIIatel W/l Introduction to the Calibration Method

Calibrating the Lucas Model

Measurement

The measurements that we ask the Lucas model to match are the

volatility (standard deviation) and first-order auto-correlation of:

(1) gross rate of depreciation, St

St
(2) forward premium, %
(3) realized forward profit Ft_sift“
and the slope coefficient from regressing Sgl on g:
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Section 4.4

Calibrating the Lucas Model

Introduction to the Calibration Method

Table 4.2: Measured and Implied Moments, US-Germany

Volatility Autocorrelation
‘ St Fr (Fi—St+1) St Fi (Fi—St+1)
SIU]JG 45;_1 S St - JS;_I S St -
Data |-0.293 | 0.060 0.008 0.061 0.007 0.888 0.026
Model | -1.444 | 0.014 0.006 0.029 0.105 0.006 0.628
Note: Model values generated with v = 10, 6 = 0.5.

Forward Premium Puzzle: the forward premium predicts the future
depreciation, but with a negative sign.

Recall that the uncovered interest parity condition implies that the

forward premium should predict the future depreciation with a

coefficient of 1.
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SEIIatel W/l Introduction to the Calibration Method

Calibrating the Lucas Model

Calibration

The “technology” that underlies the model are the exogenous
monetary growth rate A, \*, and the exogenous output growth rate g,
g*. These exogenous variables need to be fed into the model, and we
can estimate these variables using real-world data.

Let the state vector be ¢=(\, A\*,g, §*). The process governing the
state vector is a finite-state Markov chain with stationary probabilities:
each element of the state vector is allowed to be in either one of two
possible states-high (“1”) and low (“27).

We denote the 16 x 16 probability transition matrix for the state by P,
where p; j = Plpr1 = ¢j|d = ¢j]
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Introduction to the Calibration Method

Calibrate the Transition Matrix

Now how to estimate the probability transition matrix P?

Step 1: we use real-world data (i.e. the US and Germany data in this
case) to estimate the high and low state values of ¢

Step 2: We classify the data into the 1 states according to whether the
observations lie above or below the mean then set the transition
probabilities p; ;. equal to the relative frequency of transitions from
state ¢; to ¢, found in the data.
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SEIIatel W/l Introduction to the Calibration Method

Risk Premium

Based on the results in last section:

b = BE; [(CE“)(l—v)M}

Cy M
Cri1\(1—) Nt ]

— BE, | (ZHLy(—y) T
B t[( Cy ) Nit1

we can write the price of the bonds as:

BE; |:<gt+1gt—$-11 9)) ]

b =
¢ N
1-0
. BE; |:(gt+lgt£1 )) 7]
t )\;
How did we get this result?
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SEIIatel W/l Introduction to the Calibration Method

Risk Premium

We define d = % as the gross rate of depreciation of the home

6 ,x(1—0)\1— 0 x(1—0)\1—
currency. And define G = M and G* = (991/\7*)17, then
. .. 16
The domestic bond price is by, = 8 ;2 priGi
The foreign bond price is b} = 3 Z}ﬁl PG
. . . 16
The expected gross change in the nominal exchagne rate is ) _,”; py id;

The state-k contingent risk premium is (How?)

1pk1G*
Pr = pkzdz_li
Z Zz lple
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Simulation Results

Introduction to the Calibration Method

A Deprediation and Forward Premium

1.00 4

7 79 81 83 85 87 89

a1

B. ExPost Profitand Risk Premium

[-0.01

-0.02 4

-0.03

-0.04

91

93 95

Figure 4.1: From the Lucas Model. A: Implied gross one-period ahead
change in nominal exchange rate Si.1/S; and current forward premium
F;/S; (in boxes). B. Implied ex post forward pavoff (S;y; — F;)/S;
(jagged line) and risk premium E;(S;+1 — F;)/S; (smooth line).
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